We study the Nambu-Jona-Lasinio model at finite temperature and finite density by using the functional renormalization group. The RG flows of the four-fermi coupling constant in the NJL model are investigated. We obtain the chiral phase boundary in cases of the large-N leading approximation and an improved approximation. The large-N non-leading term at the vanishing temperature has a singularity at the fermi surface. We show that the quantum corrections by the large-N non-leading term largely influence the phase boundary at the low temperature and high density region.
I. INTRODUCTION
One of the important subjects in elementary particle physics is to understand the basic properties of hadronic matter described by Quantum Chromodynamics (QCD). The phase diagram and equation of state of QCD have been investigated both theoretically and experimentally. A number of studies indicate that QCD at finite temperature and finite density has various phases such as the quark-gluon plasma phase with effective chiral symmetry and the color superconductivity phase.
Investigating QCD vacuum need non-perturbative method due to strong interactions of QCD. Various non-perturbative methods are employed in order to study the phase structure of QCD. Lattice gauge simulation is very powerful because it is the first principle calculation respecting the gauge symmetry. However it is difficult to maintain the chiral symmetry on the lattice. The even more difficult problem which is known as the sign problem occurs at finite chemical potential because the Dirac operator becomes complex.
Other non-perturbative methods, such as the mean-field approximation (MFA), the Schwinger-Dyson equations (SDE) or the large-N expansion, have been applied to QCD.
These methods do not have the difficulty of maintaining the chiral symmetry nor the sign problem. However, their approximations break the gauge symmetry and its systematic improvement is not easy.
In this paper, we study the dynamical chiral symmetry breaking (DχSB) by using the functional renormalization group (FRG), another non-perturbative method [1] [2] [3] [4] [5] . The main idea of the FRG is solving the effective action Γ Λ generated by the integration of fluctuations with higher momentum modes Λ < |p| < Λ 0 where Λ is the infrared (IR) cut-off scale and the bare action is defined at the initial scale Λ 0 . The evolution of the effective action with decreasing the IR cut-off scale is described by the functional differential equation, so-called the Wetterich equation [5] ,
This equation itself is exact. However, we cannot solve it exactly. Therefore we solve the effective action in the truncated theory space. The improvement of approximation can be done by enlarging the theory space, which are easier and more systematic than the case of the MFA or the SDE.
The DχSB has been investigated by using low energy effective models such as the NambuJona-Lasinio (NJL) model [6] [7] [8] which is described by the four-fermi interactions. Rebosonization methods [9] [10] [11] are often applied in order to obtain the physical quantities in macro scale from the interactions in micro scale via the FRG. In such analyses, however, the theory space is widely expanded and the analysis becomes highly complicated. Recently, a new method called the "weak solution" is proposed in order to evaluate the macro physical values without re-bosonization. So far, the weak solution method can be applied to a specific type of the approximated FRG equation corresponding to the fermionic large-N leading approximation.
In this paper we analyze the NJL model at finite temperature and finite density without re-bosonization method nor weak solution method. Our theory space and quantum corrections included can not be treated by the weak solution method up to the present.
We compare the behaviors of the RG flows of the four-fermi coupling constant between the large-N leading approximation and that beyond it. We actually evaluate the RG flows of the inverse four-fermi coupling constant although its physical and mathematical ground is not completely clear. In this manner we define macro physics beyond the MFA in the NJL model. However our method does not allows us to evaluate a critical endpoint in the phase diagram. Our work aims to motivate future studies of phase diagrams including the first order phase transition.
This paper is organized as follows: In section II we briefly explain the NJL model in view of FRG and our analysis method. The RG equations of the four fermi coupling constant are numerically analyzed at finite temperature and density in section III. Summary and Discussion are given in section IV.
II. NAMBU-JONA-LASINIO MODEL IN VIEW OF FRG
In this paper, we study the NJL model as a low energy effective model of QCD. The NJL Lagrangian is given by
where G is the four-fermi coupling constant and N is the number of internal degrees of The RG flow equation of the four-fermi coupling constant for the 4d sharp cut-off scheme in the large-N leading approximation is given by
where t is the dimensionless RG scale defined by t = log(Λ 0 /Λ), and g = GΛ 2 /4π 2 is the dimensionless four-fermi coupling constant [12] . This RG equation has an ultraviolet fixed point g * = 1. When we solve this equation with an initial value g 0 > 1, the RG flow diverges at the following finite scale,
We cannot solve the RG flow after t c because of this divergence. Recently, the "weak solution" method [13] is introduced in order to define the flows after this divergence of g.
In this section, we propose another analysis method to evaluate the RG flow of g.
We define the RG flow equation of the inverse four-fermi coupling constant,g = 1/g, and we have the RG flow equation ofg as follows,
The solution of this equation isg
The flow with an initial valueg 0 < 1 reaches zero at t c ,g(t c ) = 0, which corresponds to the divergence of g. In order to interpret the RG flow with negativeg values, the NJL action is bosonized,
where h is the yukawa coupling constant and, σ and π are auxiliary fields. The inverse four-fermi coupling constant corresponds to the mass of the mesonic potential:
Therefore the negative RG flow ofg might indicate that the curvature of the mesonic potential at the origin becomes negative and the potential takes a double-well shape, thus, DχSB develops. Such a crude treatment has turned out to be right in case when the weak solution can be defined [13] . This simple analysis method follows the RG flow after DχSB and reach the IR limit Λ → 0. In the next section, this method is applied to the NJL model at finite temperature and finite density.
III. THE RG FLOW AT FINITE TEMPERATURE AND DENSITY

A. RG flow equations of the four-fermi coupling constant
We analyze the effective action in the local potential approximation [14] ,
where β is the inverse temperature 1/T and µ is the chemical potential. The evolution of Γ Λ is described by the Wetterich equation. In this case it reads,
where
and R Λ is the cut-off profile function for the momentum of fermion defined in Appendix A. We introduce the simple notation,
with
The "Tr" denotes sum over momenta and internal indices.
Let us briefly explain how to introduce the RG flow equation of the four-fermi coupling constant. The modified inverse propagator Γ
(1,1) Λ + R Λ can be divided into the fieldindependent part and the field-dependent part, with
and
In order to obtain the RG flow equation, we power expand the Wetterich equation as follows, We obtain the RG flow equation of the dimensionless four-fermi coupling constant,
where the rescaled temperatureT = T /Λ and rescaled chemical potentialμ = µ/Λ, obeys the following equations respectively,
∂ tμ =μ. The "form factor" I 0 and I 1 are the threshold functions ofT andμ, which are given by the shell mode momentum integration of the large-N leading term and the third diagram in Fig. 1 , respectively, and they are defined in Appendix A. The second and fourth diagrams in We adopted the 3d optimized cut-off function [15] as the regulator function R Λ which makes it easy to integrate in momentum space with the Matsubara summation (see Appendix. A).
The large-N leading approximated equation can be obtained by taking the limit N → ∞, which makes I 1 term vanish.
Let us now discuss the RG flows at finite temperature and density in a qualitative manner.
First, we discuss the fixed point structure of the RG equation. The non-trivial fixed point is given by
hence, the fixed point moves with the RG evolutions of dimensionless temperature and density. When the threshold functions at finite temperature and density are smaller than these with the vanishing temperature and density, we obtain g * T =0.µ =0 > g * T =0.µ=0 . Thus, the chiral symmetry tends to be restored by thermal and finite density effects. Second, we briefly discuss the effects of the large-N non-leading term at vanishing temperature and density. By taking the limit T → 0 and µ → 0, we obtain
where the factor 4 in the leading term is caused by the trace of the spinor space. Note that the difference of coefficients, 4 3 g 2 here compared with 2g 2 in Eq. (5), comes out of the difference of cut-off schemes. The non-leading term has negative sign, and it suppresses DχSB.
Finally, we discuss finite temperature and density effects. We show the threshold functions onT −μ plane in Fig. 2 . The solutions of the RG equations ofT andμ become simply the exponentially-growing solutions with increasing t, thus, the ratioμ/T is a scale independent constant, µ/T . Therefore the RG flows ofT andμ move on the straight line with the slope µ/T onT −μ plane. Note that the threshold functions I 0 and I 1 with the vanishing temperature have the singular point at the fermi surface Λ = µ: the re-bosonization method. Although our method can be applied only to the second order phase transition, our results may be used as references for advanced analysis of the chiral phase transition.
Second, let us discuss the non-leading extended case. The RG flows at low temperature (T = 0.01Λ 0 and T = 0.001Λ 0 ) go to positive infinity at the IR limit. These behaviors are quite different from the large-N leading case. The large-N non-leading term becomes larger than the leading term because the threshold function I 1 has the singularity at µ = Λ.
We show the chiral phase diagram on µ/Λ 0 − T /Λ 0 plane in Fig. 4 . The DχSB region becomes smaller in case of the large-N non-leading. We find drastic difference of phase boundaries at low temperature and high density region since the large-N non-leading effect strongly suppresses the DχSB as we previously mentioned. The chiral susceptibility, the curvature at origin of mesonic potential m 2 ∼ 1/ (ψψ) 2 , is sensitive to the non-leading effects at low temperature and high density. In this analysis, the second order phase transition is investigated. In order to investigate the first order phase transition with the critical end point in the NJL model, the global minima of the effective potential with respect to the chiral order parameter must be studied by using more technical methods such as the re-bosonization method or the weak solution method. Currently, since the weak solution method can be applied to only the fermionic large-N approximated case, we need to employ the re-bosonization method. For example, a truncated effective action of the NJL model with bosonization is given by
where φ i = (σ, π). The four-fermi interaction is generated by the yukawa interaction in this action through the diagrams shown in Fig. 5 . The contribution from the crossed ladder diagram at finite density has the singularity at the fermi surface. The impact of this singularity to the chiral phase diagram on T − µ plane should be investigated. The paper [16] which study QCD at vanishing temperature and density by using re-bosonization method indicates that the yukawa coupling constant always gets the same value in the IR scale,
i.e. the yukawa coupling constant at the IR scale does not depend on the initial values.
However, the impact of the singularity to the phase boundary is non-trivial. The analysis of the effective action (23) will be presented elsewhere [17] .
